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Abstract

Domain incremental learning aims to adapt to a sequence of domains with access
to only a small subset of data (i.e., memory) from previous domains. Various
methods have been proposed for this problem, but it is still unclear how they are
related and when practitioners should choose one method over another. In response,
we propose a unified framework, dubbed Unified Domain Incremental Learning
(UDIL), for domain incremental learning with memory. Our UDIL unifies various
existing methods, and our theoretical analysis shows that UDIL always achieves
a tighter generalization error bound compared to these methods. The key insight
is that different existing methods correspond to our bound with different fixed
coefficients; based on insights from this unification, our UDIL allows adaptive
coefficients during training, thereby always achieving the tightest bound. Empirical
results show that our UDIL outperforms the state-of-the-art domain incremental
learning methods on both synthetic and real-world datasets. Code will be available
at https://github.com/Wang-ML-Lab/unified-continual-learning.

1 Introduction

Despite recent success of large-scale machine learning models [35, 48, 36, 28, 92, 22, 33], continually
learning from evolving environments remains a longstanding challenge. Unlike the conventional
machine learning paradigms where learning is performed on a static dataset, domain incremental
learning, i.e., continual learning with evolving domains, hopes to accommodate the model to the
dynamically changing data distributions, while retaining the knowledge learned from previous
domains [90, 60, 41, 97, 27]. Naive methods, such as continually finetuning the model on new-
coming domains, will suffer a substantial performance drop on the previous domains; this is referred
to as “catastrophic forgetting” [46, 58, 81, 105, 52]. In general, domain incremental learning
algorithms aim to minimize the total risk of all domains, i.e.,

t—1
L7(0) = Lo(6) + L1:e-1(8) = B gy, [y, ho(@)] + D Ewyynn, [y ho(@)], (D)
i=1

where L; calculates model hy’s expected prediction error £ over the current domain’s data distribution
Dy. L4.4—1 is the total error evaluated on the past ¢t — 1 domains’ data distributions, i.e., {Dl};;}

The main challenge of domain incremental learning comes from the practical memory constraint
that no (or only very limited) access to the past domains’ data is allowed [52, 46, 105, 74]. Under
such a constraint, it is difficult, if not impossible, to accurately estimate and optimize the past error
L1.:—1. Therefore the main focus of recent domain incremental learning methods has been to develop
effective surrogate learning objectives for £1.;—1. Among these methods [46, 81, 2, 105, 58, 10, 75,
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, 21, 25,65, 66,9, 72, 82, 95, 53], replay-based methods, which replay a small set of old exemplars
during training PO, 75, 8, 4, 80, 11], has consistently shown promise and is therefore commonly used
in practice.

One typical example is ER/[], which stores a set of exemplevs and uses a replay [0$Sepiay as
the surrogate df 1.1 ;. In addition, a xed, predetermined coef cientis used to balance current
domain learning and past sample replay. Speci cally,

B()=Le( )+  Lrepaf )= Le( )+  Epoyom [¥Eh (X9 )

While such methods are popular in practice, there is still a gap between the surrogate: lgsig X

and the true objective_(1.; 1), rendering them lacking in theoretical support and therefore calling into
question their reliability. Besides, different methods use different schemes of sefftitigs, 4, 80,

and it is unclear how they are related and when practitioners should choose one method over another.

To address these challenges, we develop a uni ed generalization error bound and theoretically show
that different existing methods are actually minimizing the same error bound with diffeesht

coef cients (more details in Table 1 later). Based on such insights, we then develop an algorithm
that allowsadaptivecoef cients during training, thereby always achieving the tightest bound and
improving the performance. Our contributions are as follows:

* We propose a uni ed framework, dubbed Uni ed Domain Incremental Learning (UDIL),
for domain incremental learning with memory to unify various existing methods.

« Our theoretical analysis shows that different existing methods are equivalent to minimizing
the same error bound with differemied coef cients. Based on insights from this uni cation,
our UDIL allowsadaptivecoef cients during training, thereby always achieving the tightest
bound and improving the performance.

» Empirical results show that our UDIL outperforms the state-of-the-art domain incremental
learning methods on both synthetic and real-world datasets.

2 Related Work

Continual Learning. Prior work on continual learning can be roughly categorized into three
scenarios 40, 15]: (i) task-incremental learning, where task indices are available during both
training and testing9?2, 46, 90], (ii) class-incremental learning, where new classes are incrementally
included for the classi er 4, ) 30, 45, 44], and (iii) domain-incremental learning, where the

data distribution's incremental shift is explicitly modelei[ 41, 97, 27]. Regardless of scenarios,

the main challenge of continual learning is to alleviate catastrophic forgetting with only limited
access to the previous data; therefore methods in one scenario can often be easily adapted for another.
Many methods have been proposed to tackle this challenge, including functional and parameter
regularization §2, 46, 1s constraining the optimization process/[ 21, 58, 10], developing
mcrementally updated component_s I, 38, 53], designing modularized model architecturés,[95],
improving representation learning with additional inductive biaSes§{, 65, 25], and Bayesian
approaches’4, 63, ]. Among them, replaying a small set of old exemplars, i.e., memory, during
training has shown great promise as it is easy to deplopglicable in all three scenariosind, most
importantly, achieves impressive performangg, [/5, 8, 4, 80, 11]. Therefore in this paper, we focus
ondomain incremental learningith memory aiming to provide a principled theoretical framework

to unify these existing methods.

Domain Adaptation and Domain Incremental Learning. Loosely related to our work are domain
adaptation (DA) methods, which adapt a model trainedabeledsource domains tanlabeled

target domainsff . , 51]. Much prior work on DA focuses
on matchlng the dlstnbutlon of the source and target domains by directly matching the statistical
attributions p7, 89, 87, 71, 64] or adversarial trainingl[08, 57, 26, , 94].

Compared to DA's popularity, domain incremental Iearnlng (DIL) has recelved I|m|ted attention
in the past. However, it is now gaining signi cant traction in the research commuiifysp, 41,

, 27]. These studies predominantly focus on the practical applications of DIL, such as semantic
segmentation/], object detection for autonomous drivin§(], and learning continually in an
open-world setting18]. Inspired by the theoretical foundation of adversarial BAT 7], we propose,
to the best of our knowledgéhe rst uni ed upper bound for DIL . Most related to our work
are previous DA methods that exibly align different domains according to their associated given



or inferred domain index9¢, 101], domain graph 107, and domain taxonomys]. The main
difference between DA and DIL is that the former focuses on improving the accuracytefgie¢
domains while the latter focuses on the total erroratffdomains with additional measures taken to
alleviate forgetting on the previous domains. More importantly, DA methods typically require access
to target domain data to match the distributions, and therefore are not directly applicable to DIL.

3 Theory: Unifying Domain Incremental Learning

In this section, we formalize the problem of domain incremental learning, provide the generalization
bound of naively applying empirical risk minimization (ERM) on the memory bank, derive two
error bounds (i.e., intra-domain and cross-domain error bounds) more suited for domain incremental
learning, and then unify these three bounds to provide our nal adaptive error bound. We then develop
an algorithm inspired by this bound in Sec All proofs of lemmas, theorems, and corollaries can

be found in Appendix A.

Problem Setting and Notation. We consider the problem of domain incremental learning with
T domains arriving one by one. Each domaicontainsN; data pointsS; = f(xj(');yj('))gj'\':‘l ,

where(xj(i);yj(i)) is sampled from domaiins data distributionD;. Assume that when domain

t2[T], f1;2;:::;Tgarrives at time, one has access to (1) the current domaidataS;, (2) a
memory bankM = fM;g'_', whereM; = f(xej(');ga‘-('))gj'@:‘l is a small subset§;  N;) randomly
sampled fron§;, and (3) the history modél; ; after training on the previous 1 domains. For

convenience we use shorthand notatgn ij(i)ng:il andX§ , f)@j(i)gj'@:i1 . The goal is to learn
the optimal model (hypothesik) that minimizes the prediction error over aflomains after each

domaint arrives. Formally,

Xt
h =argmin o, (h); o, (h), Exo ,[h(x) & fi(X)]; 3)
i=1

where for domain, we assume the labeys2 Y = f0; 1g are produced by an unknown deterministic
functiony = f;(x) and p, (h) denotes the expected error of domain

3.1 Naive Generalization Bound Based on ERM

De nition 3.1 (Domain-Speci ¢ Empirical Risks). When domain arrives, modeh's empirical
risk bp, (h) for each domain (wherei  t) is computed on the available data at time.e.,
8 l P . .
SR oxex; Lheostipo FI=TE
o, ()=, P 4)

r@% x2e Lhefi(x) ifi<t

Note that at time, only a small subset of data from previous domains () is available in the
memory bank i; Ni). Therefore empirical risks for previous domaibs,(h) withi<t ) can
deviate a lot from the true risly, (h) (de ned in Egn. 3); this is re ected in Lemma 3.1 below.
Lemma 3.1(ERM-Based Generalization Bound. LetH be a hypothesis space of VC dimension

d. When domain arrives, there areN; data points from domaihandN; data points from each
previous domaim <t in the memory bank. With probability at ledlst , we have:
v }
Xt ﬁ X1 o
b, () b (+t L+ L sdlog 2N +8log 2 : (5)

N
i=1 i=1 i=1

Lemma 3.1 shows that naively using ERM to lehrnis equiva{;nt to minimizing a loose generalization
bound in Eqn. 33. Sinc¥;  Nj, there is a large constantitzll r@i compared tq\‘l—t, making the
second term of Eqn. 33 much larger and leading to a looser bound.



3.2 Intra-Domain and Cross-Domain Model-Based Bounds

In domain incremental learning, one has access to the history rihdel besides the memory
bankf M; gi_'; this offers an opportunity to derive tighter error bounds, potentially leading to better
algorithms. In this section, we will derive two such bounds, an intra-domain error bound (Lemma 3.2)
and a cross-domain error bound (Lemma 3.3), and then integrate them two with the ERM-based
bound in Egn. 33 to arrive at our nal adaptive bound (Theorem 3.4).

Lemma 3.2 (Intra-Domain Model-Based Bound). Leth 2 H be an arbitrary function in the
hypothesis spadd, andH; ; be the model trained after domain 1. The domain-speci c error
p, (h) on the previous domainhas an upper bound:

o;(h) o, (hiHy 1)+ b, (He 1); (6)

where p, (h;H; 1), Exp [h(X) & H{ 1(x)].

Lemma 3.2 shows that the current molislerror on domain is bounded by the discrepancy between
h and the history modédl; ; plus the error oH; ; on domaini.

One potential issue with the bound Eqn. 34 is that only a limited number of data is available for each
previous domaim in the memory bank, making empirical estimation gf(h;H: 1)+ p,(Ht 1)
challenging. Lemma 3.3 therefore provides an alternative bound.

Lemma 3.3 (Cross-Domain Model-Based Bounil Leth 2 H be an arbitrary function in the
hypothesis spadd, andH; ; be the function trained after domain 1. The domain-speci c error
p, (h) evaluated on the previous domaithen has an upper bound:

p,(N)  p.(MH¢ 1)+ 3dy w(Di;DY)+ b, (He 1); (1)

wheredy 1 (P;Q) = 2suppoy w jPrxe [N(X)=1] Pryg [h(x) =1]j denotes thed H-
divergence between distributithandQ, and p, (h;H: 1), Exp ,[h(x) 6 Hy 1(X)].

Lemma 3.3 shows that if the divergence between domaimd domairt, i.e.,dy 4 (Dj;Dy), is

small enough, one can ukh ;'s predictions evaluated on the current domBinas a surrogate loss

to prevent catastrophic forgetting. Compared to the error bound Eqgn. 34 which is hindered by limited
data from previous domains, Eqn. 35 relies on the current domaliich contains abundant data and
therefore enjoys much lower generalization error. Our lemma also justi es LwF-like cross-domain
distillation loss p, (h; H: 1) which are widely adopted [52, 23, ]

3.3 A Unied and Adaptive Generalization Error Bound

ur Lemma 3.1, Lemma 3.2, and Lemma 3.3 provide three different ways to bound the true risk

it:l p, (h); each has its own advantages and disadvantages. Lemma 3.1 overly relies on the limited
number of data points from previous domairst in the memory bank to compute the empirical
risk; Lemma 3.2 leverages the history mo#kl ; for knowledge distillation, but is still hindered
by the limited number of data points in the memory bank; Lemma 3.3 improves over Lemma 3.2
by leveraging the abundant dd2a in the current domain, but only works well if the divergence
between domainhand domain, i.e.,dy x (Dj;Dy), is small. Therefore, we propose to integrate
these three bounds using coef cieffits;; i; igitzll (with j+ ;+ ; =1)inthe theorem below.

Theorem 3.4(Uni ed Generali%,ation Bound for All Domains). LetH be a hypothesis space of
VC dimensiord. LetN = N; + ,t ! N; denoting the total number of data points available to the

training of current domairt, whereN,; andN; denote the numbers of data points collected at domain
t and data points from the previous domaiim the memory bank, respectively. With probability at



Table 1: UDIL as a uni ed framework for domain incremental learning with memory. Three
methods (LwF §7], ER [75], and DER++ B]) are by default compatible with DIL setting. For the
remaining four CIL methods (iCaRL/{l], CLS-ER {], EMS-ER [30], and BiC [L0(]), we adapt their
original training objective to DIL settings before the analysis. For CLS-HRifid EMS-ER B(],

and Care the intensity coef cients of the logits distillation. For BiC](], t is the current number of

the incremental domain. The conditions under which the uni cation of each method is achieved are
provided in detail in Appendix B.

| UDIL (Ours) | LwF [52] ER[/5] DER++[8] iCaRL[/4] CLS-ER[4] EMS-ER[30] BIC [100]
i [0;1] 0 0 05 1 1+ ) S+ 9 152t 1)
: [0:1] 1 0 0 0 0 0 (t D=ae 1
i [0; 1] 0 1 05 0 91+ ) =+ 9 t 1got g

leastl , we have:

(Xl ) ( K 1 )
p; (h) [ibp, (h)+ ibp,(h;H 2)] + Tl (h)+( i)o, (i He 1)
i=1 i=1 i=1
X1 X1
+ 3 idi w(Di;D)+  (i+ i) o, (He 1)
v i i=1
u x 1 5
G T::l D* (0% gdlog 22V +8log 2
i=1 '
, 9(MHe 1;) 8
P
whereby, (h; Hy 1) = r@% v TheosH, o0 (MHE 1) = & Lox, Lheoshe 1(x)» and
A TN

Theorem 3.4 offers the opportunity of adaptively adjusting the coef cients (;, and ;) according

to the data (current domain daa and the memory bank = fM; gitzll) and history modelHl; ;)

at hand, thereby achieving the tightest bound. For example, wheth thé divergence between
domaini and domairt, i.e.,dy 4 (Dj;Dy), is small, minimizing this uni ed bound (Eqn. 8) leads to

a large coef cient ; and therefore naturally puts on more focus on cross-domain bound in Eqn. 35
which leverages the current domais data to estimate the true risk.

UDIL as a Uni ed Framework. Interestingly, Eqn. 8 uni es various domain incremental learning
methods. Table 1 shows that different methods are equivalent to xing the coef diepts;; igitzll
to different values (see Appendix B for a detailed discussion). For example, assuming default

con gurations, LwF p2] corresponds to Eqn. 8 witlxed coefcientsf ; = ; =0; ; = 1g;
ER [75] corresponds to Egn. 8 wittkxed coef cientsf { = ;| = 0; ; = 19, and DER++ §]
corresponds to Eqn. 8 witlxed coefcientsf ; = ; = 0:5; ; = 0g, under certain achievable

conditions. Inspired by this uni cation, our UDIL adaptively adjusts these coef cients to search for
the tightest bound in the rand¢@ 1] when each domain arrives during domain incremental learning,
thereby improving performance. Corollary 3.4.1 below shows that adaptivebound is always
tighter, or at least as tight as, any bounds wiibd coef cients.

Corollary 3.4.1. For any boundy(h; H: 1; xed) (de nedin Eqgn. 8) withxed coef cients yeq,
€0, xed= er=T1 i= ;=0; ;=1g. for ER[75], we have

X ¢
L p;(h)  ming(h;Hy 1;)  9(hiHy 17 xed); 8hiHy 12H: ()]

Corollary 3.4.1 shows that the uni ed bound Eqn. 8 watthaptivecoef cients is always preferable
to other bounds withxed coef cients. We therefore use it to develop a better domain incremental
learning algorithm in Sec. 4 below.



4 Method: Adaptively Minimizing the Tightest Bound in UDIL

Although Theorem 3.4 provides a uni ed perspective for domain incremental learning, it does not

immediately translate to a practical objective function to train a model. It is also unclear what

coef cients for Egn. 8 would be the best choice. In facstaticand xed setting will not suf ce,

as different problems may involve different sequences of domains with dynamic changes; therefore

ideally should bedynamic(e.g., i 6 +1)andadaptive(i.e., learnable from data). In this section,

we start by mapping the uni ed bound in Egn. 8 to concrete loss terms, discuss how the coef cients
are learned, and then provide a nal objective function to learn the optimal model.

4.1 From Theory to Practice: Translating the Bound in Eqn. 8 to Differentiable Loss Terms

(1) ERM Terms. We use the cross-entropy classi cation loss in De nition 4.1 below to optimize
domaint's ERM termby, (h) and memory replay ERM ternfs i by, (h)g!-; Lin Eqn. 8.

De nition 4.1 (Classi cation Loss). Leth : R" I X 1 beafunctlon thalg,maps the inpwt2 R"

to the space oK -class probability simplex, i.e§¢ 1, fz 2 RX : 0, ;z=1gletX bea
collection of samples drawn from an arbitrary data distribution eindR“ ! [K] be the function

that maps the input to the true label. The classi cation loss is de ned as the average cross-entropy
between the true labél(x) and the predicted probabilitii(x), i.e.,

X K

X
Bhy . R L Lieo=; log () (10)

x 2X

Following De nition 4.1, we replacéy, (h) andby, (h) in Eqn. 8 with, (h) andk;, (h).

(2) Intra- and Cross-Domain Terms. We use the distillation loss below to optimize intra-
domain € bp, (h; H¢ 1)9}211) and cross-domairbg, (h; H: 1)) model-based error terms in Eqn. 8.

De nition 4.2 (Distillation Loss). Leth;H; 1 :R" ! SX 1 poth be functions that map the input

x 2 R" to the space oK -class probability simplex as de ned in De nition 4.1; I¥t be a collection

of samples drawn from an arbitrary data distribution. The distillation loss is de ned as the average
cross-entropy between the target probability ;(x) and the predicted probabilitii(x), i.e.,

X X K
Bo(hHe 1), & (o He a0l log (X)) (12)

X 2X

Accordingly, we replacép, (h;H; 1) with &, (h;H, 1) andbs, (h;H; 1) with B (h;H; 1).

P
(3) Constant Term. The error term it:11 i+ i) o, (Ht 1) in Egn. 8 is a constant and contains

no trainable parameters (sinkle 1 is a xed history model); therefore it does not need a loss term.

(4) Divergence Term. In Eqn. 8,P itzll idy n (Dj; Dt) measures the weighted average of the
dissimilarity between domairs and domairt's data distributions. Inspired by existing adversarial
domain adaptation methods7 26, ) , 94], we can further tighten this divergence
term by considering thembedding dlstrlbutlonmstead ofdata distributionsusing an learnable
encoder. Speci cally, given an encoder: R" | R™ and a family of domain discriminators
(classi ers)H 4, we have the empirical estimate of the divergence term as follows:

#
X1 X1 L X L X
@ weuyeu) =2 2min gy 1w ot gy 1 eo<o
i=1 i=1 i=1 X 2U; X2U¢
whereU; (andl,) is a set of samples drawn from domdn (andD;), d : R™" | S lisa
domain classier, and ;(x) = [d(e(x))]i [d(e(x))]: is the difference between the probability
of x belonging to gomann and domairt. Replacing the indicator function with the differentiable

cross-entropy loss, | iz i H (e(U); e(U;)) above then becomes
X1 o X1 X X #
2 i 2min e [ log ([d(e(x)I]+ & [ log([d(e(x)]1)] : (12)
i=1 i=1 X 2X X 2S¢



Algorithm 1 Uni ed Domain Incremental Learning (UDIL) for DomainTraining

Require: history modeH; ;= Py 1 E; 1,currentmodeh = p e, discriminator modedl ;

Require: dataset from the current domaa, memory bant = fM;g/_;

Require: training stepsS, batch sizeB, learning rate ;
Require: domain alignment strength coef cient;, hyperparameter for generalization efféct

1: h He 1 . Initialization of the current model.
2., f 4009 f 1= 1=;1sg,for8i 2 [t 1] . Initialization of the replay coef cient .
3:fors=1; ;Sdo

4 B: S¢;Bi M;;8i2[t 1] . Sample a mini-batch of data from all domains.
5 da r Vu(d;e;) . Discriminator training with Eqgn. 16.
6: r Voa(h;) . Find a tighter bound with Eqgn. 15.
7: r (M(h;) aVg(d;e;)) . Model training with Egn. 14 and Eqn. 16.
8: end for

9: Ht h

10: M BalancedSamplingJ ; S;)

11: return H; . For training on domaimn + 1.

4.2 Putting Everything Together: UDIL Training Algorithm

Objective Function. With these differentiable loss terms above, we can derive an algorithm that
learns the optimal model by minimizing the tightest bound in Eqn. 8. As mentioned above, to
achieve a tightedy 4, we decompose the hypothesistas p e, wheree: R" ! R™ and
p:R™ ! SK 1arethe encoder and predictor, respectively. To nd and to minimize the tightest
bound in Theorem 3.4, we treat f ;; i; ig}:ll as learnable parameters and seek to optimize

the following objective (we denote as= sg(x) the “copy-weights-and-stop-gradients' operation):
min  max Vi(h; )+ Voa(h;) aVa(d;e;) (13)
f h=peg d
s.t. i+ i+ i =1; 8i2f1,2:::;t 1g
iv i i 0 8i2f1,2:::;t 1g

Details of Vi, Vo.1, and Vy. V is the loss fodearning the model h, where the term® () are
differentiable cross-entropy lossas de ned in Eqn. 10 and Eqn. 11:

X h [ X
Vit )= T B+ B ) B+ OB (i 1) (14)

i=1

Vo-1 is the loss fornding the optimal coef cient set . Its loss terms use De nition 3.1 and Eqn. 12
to estimate ERM terms artd  H -divergence, respectively:

X t1 X t1
Voa(h; ) = - ibb, (h)+ ibp, (MHe 1) +( - i)bo, (h;He 1)

X X t1
+3 0 i®w eieS) ¢ (it Db (Heo)
S
+Pt1v2 X t 1, 4, 2
+Cc B L) (15)

In EqR. 15,b () usesdiscrete 0-1 losswhich is different from Eqn. 14, and a hyper-parameter

C =  8dlog(2eN=d) + 8log (2=) is introduced to model the combined in uenceldéfs VC-
dimension and.

Vy follows Egn. 12 taminimize the divergence between different domains' embedding distribu-
tions (i.e., aligning domf?\ins) by the minimax game betweemdd with the value function:
Xt X X1 X
Va(d;e;) = i~y [ log([d(eCIDl+ & [ log ([d(e(x)])]: (16)

i=1 x2S, =1 yo
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